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In 1955, Mel published An isomorphism theorem for real-closed ﬁelds in Annals of Mathemat-
ics with Erdös and Gillman. This was a paper with a consistency result about ultrapowers
of the reals. Some of these can be seen as results about subspaces of the Stone–Cˇech re-
mainder of the reals. In 1956, he published Some remarks about elementary divisor rings and
Rings of continuous functions in which every ﬁnitely generated ideal is principal with Gillman,
both in the Transactions of the American Mathematical Society, introducing the notion of
an F -space and showing that the Stone–Cˇech remainder of the reals is an F -space. In 1994,
Henriksen et al. published Lattice-ordered algebras that are subdirect products of valuation do-
mains in the Transactions of the American Mathematical Society, in which an unexpected
connection to F -spaces was uncovered. These few, of Mel Henriksen’s many many papers,
are special highlights for this author because of their prominent role in my own research.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Like many people my Henriksen number is very low. In fact it is one with multiplicity (if that’s the right term) two [5,4].
Besides our good friendship, what brought us together on these projects was our common deep interest in F -spaces and
the study of the Stone–Cˇech compactiﬁcation.
For some, their ﬁrst introduction to F -spaces might have occurred in a rather unusual, but entertaining way. At least
I enjoyed it, albeit, while squirming uncomfortably in my seat. At the 1982 Annual Meeting of the American Mathemati-
cal Society in Cincinnati Ohio a special session on Rings of Continuous Functions was organized by Charlie Aull. The time
seemed right for some careful consideration of the future directions of the ﬁeld and a panel discussion of the most inﬂuen-
tial ﬁgures in attendance was organized. What a treat it was to see so many of the top names in the ﬁeld; those I remember
most clearly being: Mary Ellen Rudin, Ken Kunen, Tony Hager, Wis Comfort, Eric van Douwen, and of course Mel. The lesson
on F -spaces and βX that left some of us squirming was when Eric was chastising Mel for using the wrong (non-topological)
deﬁnitions of both and explaining at some length how these should have been presented. The relevance to the panel topic
was a little hard to appreciate. Mel was exasperated because simply, as he patiently explained, the notion of F -space arose
by contemplating possible properties of the ring of continuous functions. I do not know, but I wonder if L. Gillman’s article
in the proceedings of that meeting [9], might have been a response. The title reads to me as if the word dammit might
have been intended rather than a survey: Rings of Continuous Functions are Rings: a survey. This, and a second excellent
article by Gillman [10], are already great testimonials to the terriﬁc mathematics to be found in the papers providing the
focal points to this article.
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For a Tychonoff space X , we let C(X) and C∗(X) denote, respectively, the rings of real-valued continuous functions
and real-valued bounded continuous functions on X . Consistent with our focus on C(X) and compactiﬁcations, we will be
assuming without further mention, that the spaces under discussion are Tychonoff. An ideal I ⊂ C(X) is a proper subset
that is a subring and satisﬁes that I · C(X) = I . For a function f ∈ C(X), the zero set Z( f ) is deﬁned as {x ∈ X: f (x) = 0}
and the complementary cozero set is denoted as coz( f ). It will be useful to introduce pos( f ) and neg( f ), where pos( f ) =
{x: f (x) > 0} and neg( f ) = {x: f (x) < 0}. The ideals generated by { f } and { f , g} are denoted by ( f ) and ( f , g) respectively.
If h > 0 then 1/h ∈ C(X); hence for all r ∈ C(X), r = (r · (1/h)) · h ∈ (h) showing that (h) is not proper. We assume that the
reader is well familiar with at least one formal presentation of the construction of βX . Here we paraphrase the two views
presented in Cincinnati.
Mel (actually Gelfand–Kolmogoroff): the maximal ideals M of C(X) are in 1-to-1 correspondence with (or simply are)
the points, p, of βX (or M=Mp) and Ap = Z [M] = {Z( f ): f ∈M} is an ultraﬁlter in the collection of zero-sets. In addition
Mp = { f ∈ C(X): p ∈ clβX Z( f )}.
van Douwen (actually Cˇech): the points of βX are in 1-to-1 correspondence with the collection of zero-set ultraﬁlters
on X because for a point p ∈ βX , the collection Ap = {Z ∈ Z(X): p ∈ clβX Z} is a ﬁlter (which is clearly maximal). In addition,
Mp = { f ∈ C(X): Z( f ) ∈ Ap} is a maximal ideal in C(X).
A third view of βX concerns the continuous extensions of members of C∗(X). That is, for each f ∈ C∗(X), there is the
continuous extension f β to all of βX (where f β(p) = r iff f −1([r − , r + ]) ∈ Ap for all  > 0). We explore this further in
order to develop the notion of an Mp being hyper-real. Since βX is compact, only members of C∗(X) have such continuous
extensions to all of βX . It is tempting to want to say that the value of f β(p) would be that number r satisfying that the
continuous function ( f − r) belongs to Mp (where r is the constant function in C∗(X)). This is true (for all f ∈ C∗(X))
precisely for the points p ∈ υ X . Or, as originally formulated, for those p for which Mp is real (meaning C∗(X)/Mp ≈ R)
as opposed to those that are hyper-real. It is interesting to note that a maximal ideal Mp of C(X) is real exactly when
Mp ∩ C∗(X) is a maximal ideal of C∗(X). One may realize that the statement that ( f − r) ∈Mp is another way of saying that
f and r are in the same equivalence class (henceforth residue class) in the quotient C(X)/Mp (i.e. f is equivalent to a real
modulo Mp). Following Gillman and Jerison [12, 5.1], for f ∈ C(X) and maximal ideal Mp ⊂ C(X), we let Mp( f ) denote the
residue class of f with respect to Mp . While the interest in [6] was on the fact that the structure C(X)/Mp is an ordered
real-closed ﬁeld, we will limit ourselves, in this section, to simply the order-theoretic aspects of this structure. Following
other conventions, we will let <p denote the ordering on C(X) according to f p g if there are f ′ ∈Mp( f ) and g′ ∈Mp(g)
such that f ′  g′ . Note that this corresponds to Mp( f ) 0 if there is f ′ ∈Mp( f ) such that f ′  0 as per [12, 5.2]. A linearly
ordered set L is an η1-set if it is a dense order and every countable subset of L together with new endpoints −∞,∞ is
discrete as a subspace in the order topology. An η1-ﬁeld is an ordered ﬁeld which, as an ordered set, is an η1-set. One of
the most notable results of the Erdös, Gillman and Henriksen paper is the following.
Theorem 2.1. ([6]) For all hyper-realMp on any Tychonoff space X, C(X)/MP is an η1-ﬁeld. Furthermore, if CH holds, all such η1-ﬁelds
of cardinality c are pairwise isomorphic.
We have particular interest in these η1-ﬁelds of the form C(N)/Mp for p ∈ βN \ N (these are all hyper-real). It is easily
seen that C(N) is simply RN and that C(N)/Mp is simply the ultrapower RN/p. A reader interested in these structures and
signiﬁcant generalizations, for their algebraic properties and the deep applications to functional analysis, will want to read
the latest developments in the inﬂuential book by Dales and Woodin [1].
Judy Roitman established that CH was required in the above theorem.
Theorem 2.2. ([21]) It is consistent that there are c many pairwise non-isomorphic ﬁelds of the form C(N)/Mp with p ∈ βN \ N.
It is also shown in [3] that the second statement in Theorem 2.1 is equivalent to CH. Interestingly enough, these ultra-
powers of the form RN/p have become very important tools in understanding the subcontinua of βR. We do not yet know
of a natural topological setting for C(R)/Mp for general points p ∈ βR. For basic information regarding the following result,
which is essentially due to Mioduszewski [18], one may also consult [13, 2.6].
Theorem 2.3. For a free ultraﬁlter u on N, set Iu = ⋂A∈u clβR(
⋃
n∈A[n,n + 1]). Then Iu is a subcontinuum of βR \ R in which
the η1-set C(N)/Mu embeds as a dense set of cut-points. The embedding is canonical and if C(N)/Mu and C(N)/Mv do not have
order-isomorphic completions, then Iu is not homeomorphic to Iv .
Theorem 2.2 has recently been signiﬁcantly strengthened by Kramer, Shelah, Tent and Thomas [17]. In the next section
we report on that result and show how it can be adapted to also show that it is consistent that there is the maximal
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K.P. Hart for assistance in applying the results of [17] to the completion as described in the next section.
3. Many different residue class ﬁelds and subcontinua
In [17, Deﬁnition 3.2], the notation L1 ≈i L2 denotes that the linear orders L1 and L2 have non-empty isomorphic initial
segments. For a non-principal ultraﬁlter D on N, (NN/D)∗ denotes the D-equivalence classes of those members of NN
which are not constant on a member D.
Proposition 3.1. ([17, Theorem 3.3]) If CH fails then there is a set {Dα: α < 22ω } of non-principal ultraﬁlters over N such that
(
N
N/Dα
)∗ 	≈i
(
N
N/Dβ
)∗
for all α < β < 22
ω
.
Immediately following the proof of Theorem 3.3, the authors of [17] also point out that a similar argument shows
that the corresponding ﬁelds C(N)/MDα are pairwise non-isomorphic, which is the desired strengthening of Theorem 2.2
mentioned above. A more general result about ultrapowers of countable models of an unstable theory is available in [7].
We do not see how to directly deduce from these statements that the completions of the orderings C(N)/MDα are pairwise
non-isomorphic, nor that the corresponding IDα ’s are pairwise non-homeomorphic. However we can do so by recalling
more speciﬁc details of the results from [17]. One of the key ideas is the notion of an invariant embedding of a linear
order J into another L; an order-preserving embedding is invariant if it preserves certain cuts of the linear order J .
A pair ( J1, J2) is a cut of J if J = J1 ∪ J2 and s < t for all s ∈ J1 and t ∈ J2. It is said to be a (λ, θ)-cut if λ is the
minimum cardinal such that J1 has a coﬁnal subset of cardinal λ, and θ is the minimum cardinal such that J2 has a coinitial
subset of cardinality θ . An order-preserving embedding ϕ from J into L is invariant if for all uncountable regular cardinals
λ, θ , each (λ, θ)-cut ( J1, J2) of J is sent to a cut of L in the sense that there is no x ∈ L with ϕ(s) < x < ϕ(t) for all s ∈ J1
and t ∈ J2.
Theorem 3.2. If CH fails then there is a set {Dα: α ∈ 2c} of non-principal ultraﬁlters over N such that IDα is not homeomorphic to
IDβ for all α < β < 2c .
Proof. By Theorem 2.3, it suﬃces to show that there is such a set of ultraﬁlters Dα so that the completions of the ultra-
powers RN/Dα are pairwise non-isomorphic. By [17, 3.8], there is a family {Iα: α < 2c} of linear orders of cardinality c
with the following properties:
• The coinitiality of Iα is cf c + ℵ2.
• If α 	= β and if ϕα : Iα → L and ϕβ : Iβ → L′ are invariant coinitial embeddings then L and L′ have no isomorphic initial
segments.
For each α there exists an ultraﬁlter Dα on N such that ω1 + Iα admits an invariant embedding into each initial segment
of (NN/Dα)∗ [17, p. 161]. For our purposes, it is enough to know that ω1 + Iα has an invariant embedding into NN/Dα ,
and thereby into RN/Dα .
On the other hand, it is also shown in [17] that for each ultraﬁlter D on N there are at most c many α’s for which
there exists an invariant embedding of the ordered sum ω1 + Iα into the ultrapower RN/D. We check that their methods
also show that this is the case for the completions. Notice that the set of α for which there is an invariant embedding of
ω1 + Iα into a linear order L is limited by the number of (ω1,ω2)-cuts of L. If L′ is dense in the completion of L, then
every (ω1,ω2)-cut of L′ is ﬁlled by a member of L or corresponds to an (ω1,ω2)-cut of L. It is proven in [17, 3.9] that for
an arbitrary linear order L there are at most |L| many (ω1,ω2)-cuts in L. Combining these statements then, we have that
for each ultraﬁlter D on ω, there are at most c many α’s for which there is an invariant embedding of ω1 + Iα into a dense
subset of the completion of the ultrapower RN/D. It is now an easy matter to recursively select a subset S of the family
{Dα: α ∈ 2c} so that |S| = 2c and for α < β both in S , ω1 + Iβ does not embed into the completion of RN/Dα . 
4. F -spaces
F -spaces were introduced by Gillman and Henriksen in [11] and arose from ring-theoretic investigations of C(X) related
to a question asked by Kaplansky. While it is well known that the deﬁnition is a ring-theoretic condition on C(X), namely
that every ﬁnitely generated ideal is principal, it seems that most topologists do take van Douwen’s view (alluded to in the
Introduction) that the deﬁnition “should have been” that disjoint cozero sets are completely separated. Recall that subsets
A, B ⊂ X are completely separated in X if for some f ∈ C∗(X), f [A] = 0 and f [B] = 1. From a topological point of view,
F -spaces are quite natural and abundant. Indeed every extremally disconnected space (and every basically disconnected
space) is an F -space, and the property of being an F -space is the only one of these that is inherited by compact subspaces.
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in terms of the ring C(X)”. However, a brief review of the notions does conﬁrm how natural and compelling the ring-
theoretic aspects really are. In this section, we will outline a brief journey through the foundational results of F -spaces with
a view towards focusing on the interplay between the algebra and the topology. We borrow very liberally from the excellent
exposition in [12, 14.25] and the only innovation, if any, would be that we have put together direct proofs of the parts that
we have chosen to include rather than following a chain of auxiliary results to draw the same conclusion.
Lemma 4.1. If f , g ∈ C(X) have disjoint cozero sets coz( f ) and coz(g), then the ideal ( f , g) generated by { f , g} is principal if and
only if coz( f ) and coz(g) are completely separated.
Proof. We just verify the less trivial direction. Suppose that h ∈ C(X) is such that ( f , g) = (h). Choose s, t ∈ C(X) so that
f = sh and g = th. Also choose a,b ∈ C(X) so that h = af +bg . Thus h = ash+bg . Since coz( f )∪coz(g) ⊂ coz(h) and f = sh,
it follows that s ≡ 0 on coz(g). Also since bg ≡ 0 on coz( f ), it follows that as ≡ 1 on coz( f ). Now we have that as ≡ 1 on
coz( f ) and as ≡ 0 on coz(g) as required. 
Corollary 4.2. If all ﬁnitely generated ideals of C(X) are principal, then disjoint cozero subsets of X are completely separated.
Now that we see how a natural algebraic property gives rise to the topological notion of complete separation of cozero
sets we show that this leads naturally to a well-known equivalent formulation which follows from the famous
Urysohn’s Extension Theorem [12, 1.17]: A subspace S of X is C∗-embedded in X if and only if any two completely separated
sets in S are completely separated in X.
A space S ⊂ X is C∗-embedded in X if every bounded real-valued continuous function on S extends to a continuous
function on X . Although a cozero subset S of a space X may not be C∗-embedded in X , it is true that if g ∈ C∗(S), then
coz(g) is a cozero set in X . Indeed, if S = coz( f ) for some f ∈ C∗(X), then g · ( f  S) extends continuously to X by simply
extending it to be 0 on X \ coz( f ). Using this, the next result follows immediately from the Urysohn Extension Theorem.
Corollary 4.3. Each cozero subset of X is C∗-embedded in X if and only if disjoint cozero subsets of X are completely separated.
Proposition 4.4. For f ∈ C(X), ( f ) = (| f |) if and only if neg( f ) and pos( f ) are completely separated.
Proof. Assume that k ∈ C(X) is such that k(neg( f )) ≡ 0 and k(pos( f )) ≡ 1. Now f = (2k− 1)| f | and | f | = (2k− 1) f , hence
( f ) = (| f |). Conversely, suppose ( f ) = (| f |) and let f = k| f | for some k ∈ C(X). Apparently k ≡ 1 on pos( f ) and k ≡ −1 on
neg( f ). 
It is interesting how the next result uses in an essential way the fact that many pairs of disjoint cozero sets are com-
pletely separated.
Corollary 4.5. If disjoint cozero subsets of X are completely separated, then all ﬁnitely generated ideals of C(X) are principal.
Proof. Following [12] we show that ( f , g) = (| f | + |g|) for f , g ∈ C(X). By Proposition 4.4, we know that (| f |, |g|) is equal
to ( f , g); hence it suﬃces to show that | f | and |g| are each in (| f | + |g|). By symmetry we simply do so with f and, since
(| f |+ |g|) contains the identically zero function, we assume that coz( f ) is not empty. We will now need the full strength of
the assumption that all disjoint cozero sets are completely separated, and so each cozero set is C∗-embedded in X . Consider
the function | f || f |+|g| , which is bounded and continuous on coz( f ). We may extend
| f |
| f |+|g| continuously to all of coz( f ) ∪
coz(g) by deﬁning it to be constantly 0 on the relative zero set coz(g) \ coz( f ). Since coz( f )∪ coz(g) is C∗-embedded in X ,
we then have an extension, say h, of this function in C∗(X). A simple calculation shows that h · (| f | + |g|) = | f | and we
conclude that | f | is in the ideal generated by | f | + |g|. 
Another ring-theoretic formulation of X being an F -space, i.e. that every ﬁnitely generated ideal of C(X) is principal
(otherwise known as being an F -ring), is expressed in terms of the prime ideals.
Deﬁnition 4.6. For each p ∈ βX , the ideal Op is the set
{
f ∈ C(X): p /∈ clβX coz( f )
}
.
There is also a more ring-theoretic description of Op ; recall that when discussing the maximal ideals Mp ’s, the super-
scripts p /∈ X can be regarded as simply any indexing, while for x ∈ X , Mx = { f ∈ C(X): f (x) = 0}. We leave the routine
veriﬁcation as an exercise.
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We now establish our ﬁnal equivalent formulation of an F -space.
Proposition 4.8. A space X is an F -space if and only if each Op is prime.
Proof. Assume each Op is prime and let f , g ∈ C(X) have disjoint cozero sets. We will ﬁnd an h ∈ C(X) such that
h(coz(g)) = 0 and h(coz( f )) 1. Let S denote the subset of C(X):
{(|h| − 1)∨ 0: hg ≡ 0}∪ {h: hf ≡ 0}.
Let Mp be any maximal ideal; we show that S \ Mp is non-empty. If f ∈ Op , then choose any h to witness this, hence
h /∈ Mp and hf ≡ 0. Of course this h is a member of S conﬁrming that S \Mp is non-empty. On the other hand, if f /∈ Op ,
then we have that g ∈ Op . Again, we may choose an h /∈ Mp satisfying hg ≡ 0. Since there is some unique r 	= 0 such that
h − r ∈Mp , we can arrange that such an r > 1 and see that (|h| − 1) ∨ 0 is in S \Mp .
We have shown that S does not generate a proper ideal in C(X), hence there is a ﬁnite subcollection
{(|hi| − 1
)∨ 0: (i < ) & hi g ≡ 0
}∪ {h˜ j: j <  & h˜ j f ≡ 0}
which is not contained in any maximal ideal. Set h =∑i< |hi |. Since coz(h) ⊂
⋃
i< coz(hi), it still holds that hg ≡ 0 (i.e.
h(coz(g)) = 0). Also, for any point x ∈ coz( f ), it is immediate that for each j < , h˜ j(x) = 0, i.e. h j ∈ Mx . Therefore there
must be an i <  such that ((|hi | − 1) ∨ 0) /∈Mx; which implies that h(x) |hi(x)| > 1.
For the converse, assume that X is an F -space and consider any maximal ideal Mp . We will show that Op is prime. First
consider f , g ∈ C(X) and such that f g ≡ 0 (i.e. coz( f ) and coz(g) are disjoint). We must show that one of f , g is in Op .
Assume that f is not in Op . If f /∈ Mp , then f g ≡ 0 already witnesses that g ∈ Op . Thus we may assume that f ∈ Mp and
now ﬁx any function k such that k(coz( f )) = 1 and k(coz(g)) = 0. It is routine to verify that kg ≡ 0. Once we show that
k /∈ Mp , the proof that g ∈ Op is complete. Since (1 − k) f ≡ 0 and f /∈ Op , we must have that (1 − k) ∈ Mp . Therefore we
indeed have that k cannot be in Mp . 
While writing this section and recalling that compact subspaces of F -spaces are again F -spaces, it seemed natural to
want to report on the state of affairs for closed subspaces and open subspaces. F -spaces which have closed subspaces which
are not F -spaces are easily constructed. Let An (n ∈ ω) be pairwise disjoint inﬁnite subsets of N. For each n, choose Cn ⊂ A∗n
to be a cozero set of N∗ with non-empty boundary ∂Cn . Set X = βN \⋃n ∂Cn; observe that An \ Cn is a clopen subset of
X \ N. Since N ⊂ X ⊂ βN, X is extremally disconnected, and so is certainly an F -space. X \N is a closed subspace in which⋃
n Cn and
⋃
n(A
∗
n \ Cn) are disjoint cozero sets which do not have disjoint closures.
As for open subsets of F -spaces, a search of the literature revealed that this was considered by Fine and Gillman who
showed [8, 4.2] that any open subspace of an F -space is again an F -space if it can be written as an ω1 union of cozero sets.
A close reading of Mel’s paper [14] led to a reference which led to another reference, and we uncovered a paper in which
it is established that this cannot be improved to open sets which are unions of even ω2 many cozero sets in a compact
F -space (see [2, 2.3]).
5. F -rank
Another interesting aspect of F -spaces is their connection to valuation rings. A valuation ring (with unity) is one in
which the principal ideals form a chain. F -spaces have the property that the residue class rings of the form C(X)/Op are
valuation rings (and thus C(X)/P is a valuation ring for all prime ideals P ⊂ C(X)). The paper [14] (following the papers
[15,16]) studies the spaces X for which C(X) satisﬁes this property and refers to such spaces as SV-spaces. For a deeper
study of the more general notion of valuation primes and the connections to questions about automatic continuity of Banach
space homomorphisms, the reader is referred to [1,20,19]. It was discovered, in [14], that a compact space which is a ﬁnite
union of compact F -spaces (henceforth ﬁnitely an F -space) was an SV-space and, conversely that each compact SV-space
satisﬁed a very natural weakening of the notion of an F -space which we recall now. We replace their term rank by the less
ambiguous term F -rank.
Deﬁnition 5.1. For a maximal ideal Mp of C(X), we deﬁne rk(C(X),Mp) = rk(X, p) to be the number of minimal prime
ideals contained in Mp (if this is inﬁnite, then rk(C(X),Mp) = ∞). The F -rank of a point p ∈ X refers to rk(X, p). A space X
has ﬁnite F -rank if rk(X, p) is ﬁnite for all p ∈ βX .
A space of ﬁnite F -rank will actually have a ﬁnite bound to the F -rank of all its points [14, 4.2.1].
Proposition 5.2. ([14, 3.1]) For a point p in a space X and integer k, rk(p, X)  k if and only if there are k many pairwise disjoint
cozero sets of X each of which has p in its closure.
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might think of these as F -points).
Proposition 5.3. ([14, 5.15]) If X is ﬁnitely an F -space, then X has an open and dense subset of points of F -rank 1.
Proof. Let X =⋃i< Xi where each Xi is a closed C∗-embedded F -space. For each i, let Bi be the boundary of Xi in X ,
i.e. Bi = Xi ∩ X \ Xi . Since each Bi is closed nowhere dense in X , the set U = X \⋃i< Bi is dense open. We show that
rk(X, p) = 1 for each p ∈ U . Fix any i <  such that p ∈ Xi . It follows that p is in the interior of the F -space Xi and so
cannot be a limit of two disjoint cozero sets. 
The paper [14] ends with a number of interesting questions. We recall three.
Question 5.1. ([14, 6.3]) Is each compact space of ﬁnite F -rank an SV-space?
Question 5.2. ([14, 6.4]) Must each compact SV-space be ﬁnitely an F -space?
Question 5.3. ([14, 6.5]) Must each compact SV-space have a point of F -rank one?
We use the above questions as motivation to consider the question
Question 5.4. Must each compact space of ﬁnite F -rank contain a point of F -rank one?
We ﬁnish with the following result established jointly with R. Levy.
Theorem 5.4 (CH). If a compact space X of weight 2ω has ﬁnite F -rank (i.e. each point has ﬁnite rank) then there is a point that has
F -rank 1.
We prove the theorem after the following lemma.
Lemma 5.5. Let X be a compact space of F -rank at most n for some integer n. Further assume that the set of points which have F -rank
n is dense. If W and V are disjoint cozero sets then the intersection of their closures meets the boundary of every cozero set in a
relatively nowhere dense set. Moreover, if {Um: m ∈ ω} are pairwise disjoint cozero subsets of X , then there are non-empty cozero sets
U1m ⊂ Um for each m such that the closure of
⋃
m U
1
m is disjoint from W ∩ V .
Proof. Let S denote the set of points of F -rank n. Let W and V be disjoint cozero sets and let U be any cozero set. To see
that W ∩ V meets the boundary of U in a nowhere dense set, ﬁx any cozero set C which meets the boundary of U . By a
simple appeal to the fact that X is regular it suﬃces to show that there is a point of C − (W ∩ V ) which is on the boundary
of U . We can combine the proof of the “moreover” statement by choosing pairwise disjoint cozero subsets Cm of C ∩ U so
that each compact subset of U meets only ﬁnitely many of the Cm ’s. Furthermore, for each m, we may assume that Cm is
disjoint from one of W or V . It suﬃces (for both statements) to ﬁnd ∅ 	= C1m ⊂ Cm , for each m, so that the closure of the
union of the C1m ’s is disjoint from W ∩ V .
For each m, choose sm ∈ Cm ∩ S and let x be a limit point of the sequence D = {sm: m ∈ ω}. Let I denote the set of m
such that Cm ∩ V = ∅. Suppose ﬁrst that x is a limit point of {sm: m ∈ I}. For each m ∈ I , ﬁx n pairwise disjoint cozero
subsets of Cm each of which has sm as a limit point. Clearly taking the union of a sequence obtained by selecting one of the
cozero sets for sm for each m ∈ I will have x as a limit point. That is, x has F -rank n as witnessed by n pairwise disjoint sets,
each of which is disjoint from V . It follows that x is not a limit point of V . Similarly, if x is not a limit point of {sm: m ∈ I},
then x is not a limit point of W . Therefore, by compactness, there is a cozero set A containing the closure of {sm: m ∈ ω}
whose closure is disjoint from W ∩ V . The desired sequence is C1m = A ∩ Cm . 
Proof of Theorem 5.4. Assume that X is compact of weight at most ω1. As mentioned above, it was shown in the paper by
Henriksen et al. that if each point of X has ﬁnite F -rank, then there is an integer n such that each point of X has F -rank
at most n. Find an open set U of X which has minimal F -rank (among open subsets of X ), i.e. no non-empty open subset
of U has strictly smaller F -rank. Without loss of generality this F -rank is n. Fix a non-compact cozero set C of X whose
closure is contained in U . Let K be the boundary of C . Let S denote the (dense) set of points in C which are of F -rank n.
Now we will argue, using Baire category, that there is a point of K which has F -rank at most 1. By Lemma 5.5, it
follows that if W and V are disjoint cozero subsets of X , then K ∩ (W ∩ V ) is a nowhere dense subset of K . Since X
has weight ω1, there are only ω1 pairs of such cozero sets. We ﬁnish by showing that K cannot be covered by ω1 such
nowhere dense sets (because any point of K which is not in any of the above nowhere dense sets will have F -rank 1). Let
{Dα: α ∈ ω1} enumerate all compact sets which are the intersections of boundaries of disjoint pairs of cozero subsets of X .
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them. Suppose that we have inductively chosen, for β < α, a descending mod ﬁnite sequence Iβ of subsets of ω together
with cozero sets W βn for β < α and n ∈ Iβ so that for all γ < β we have that W βn ⊂ W γn for all but ﬁnitely many n ∈ Iβ . In
addition, the closure of
⋃
n∈Iβ W
β+1
n is disjoint from Dβ . Completing this induction will show that
⋂
β∈ω1 cl(
⋃
n∈Iβ W
β+1
n )
avoids
⋃
β∈ω1 Dβ .
Let us see that we can choose Iα and the sequence {W αn : n ∈ Iα}. In case α is a limit we have no demand on missing any
of the Dγ . So, enumerate α = {βn: n ∈ ω} and choose Iα and the sequence {W αn : n ∈ Iα} simultaneously as follows. Having
chosen the ﬁrst m members of Iα , choose the next as the next largest integer k such that
⋂
i<m W
βk
k is not empty (and
open). Put this k in Iα and let W αk be the above intersection. In case α = γ + 1 we simply use the “moreover” statement of
Lemma 5.5 and set Iα = Iγ . 
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